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Abstract
The unified (p, q;α, γ, l)-deformation of a number of well-known deformed oscillator
algebras is introduced.The deformation is constructed by imputing new free param-
eters into the structure functions and by generalizing the defining relations of these
algebras. The generalized Jordan-Schwinger and Holstein-Primakoff realizations of the
Uαγlpq (su(2)) algebra by the generalized (p, q;α, γ, l)-deformed operators are found.
The generalized (p, q;α, γ, l)-deformation of the two-dimensional conformal field the-
ory is established. By introducing the (p, q;α, γ, l)-operator product expansion (OPE)
between the energy momentum tensor and primary fields, we obtain the (p, q;α, γ, l)-
deformed centerless Virasoro algebra. The two-point correlation function of the primary
generalized (p, q;α, γ, l)-deformed fields is calculated.
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1. Introduction
The quantum deformations of the universal enveloping algebra Uq(L) of a simple
Lie algebra L emerged in the study of solutions of the quantum Yang-Baxter equations
[1]. Drinfeld extended this structure to general class associative algebras with the
Hopf algebra structure, which is neither commutative nor co-commutative. The non-
co-commutativity is achieved by the introducing of a formal parameter q. An example
of such structures is the deformation of the universal enveloping algebra Uq
(
su(2)
)
[2, 3]. The important tool in the study of these structures is their realization by the
creation and annihilation operators (the Jordan-Schwinger and the Holstein-Primakoff
constructions). In order to generalize the Jordan-Schwinger construction to quantum
algebras, Biedenharn [4] and Macfarlane [5] introduced, independently, the q-deformed
creation and the annihilation operators.
Long before another q-deformation of the canonical commutation relations has been
used by Arik and Coon [6] for the operator description of the generalized Veneziano
amplitude obtained by replacement of the Γ-function by the Γq-function.
Naturally, it would be desirable to generalize a particular mathematical structure
as much as possible. In particular, it concerns the generalization of the one-parameter
deformations of the Lie algebras, initiated in the works [7, 8, 9, 10].
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The (p, q)-deformed of the Up,q
(
su(2)
)
algebra and its realization by the operators
of the (p, q)-deformed oscillator algebra was studied in refs.[11, 12]. A construction
two-parameter oscillator algebra also has been introduced in [13] under the name ”Fi-
bonacci” oscillator algebra.
The sequently investigations have shown that for algebraic structure of the (p, q)-
deformed quantum Up,q
(
su(2)
)
-algebra the additional parameter is artificial and could
be removed from it. On the level of oscillator algebra, the study of multi-parameter
deformations of the oscillator algebra was continued in the works [14, 15, 16, 17, 18].
All these deformations are three-parameter generalizations of the one-parametric
deformation of the Biedenharn-Macfarlane algebra. They yield the Jordan-Schwinger
realizations of the generalized deformed Lie algebras Up,q
(
su(2)
)
.
The multi-parametric generalization of the two-parametric deformed oscillator alge-
bra was considered [18, 19]. Although algebraic structure of any multi-parameter de-
formed quantum algebra may be mapped one-to-one onto the standard one-parameter
deformed algebra [20, 21], its co-algebraic structure and physical results in both cases
is not the same.
Many versions of the deformed oscillator algebras have been considered in the liter-
ature. Most of them can be embedded within the common mathematical framework of
the generalized deformed oscillator algebras.
A generalized oscillator algebra is an associative algebra generated by the generators
{1, a, a+, N}, where a and a+ are hermitian conjugate N self-adjoint operators, and the
defining relations
aa+ = f(N + 1), a+a = f(N), [N, a] = −a, [N, a+] = a+. (1)
A positive analytic function f(x) = [x] with f(0) = 0 is called a structure function [22].
This function defines a deformation scheme, and along with defining relations it entirely
defines the deformed oscillator algebra. The most well-known structure function is the
one of the two-parameter deformed oscillator algebra
f(x) = [x]pq =
p−x − qx
p−1 − q
, (2)
p, q ∈ R [11]. The structure function (2) and defining relations
aa+ − q−1a+a = pN , [N, a] = −a, [N, a+] = a+, (3)
or
aa+ − qa+a = p−N , [N, a] = −a, [N, a+] = a+. (4)
define the (p, q)-deformed oscillator algebra [11, 12, 13]. This algebra describes the
Arik-Coon (p = 1, q) [6], the Biedenharn-Macfarlane (p = qα, qγ),[4, 5], the Kwek, Oh
(p = qα, qγ) [23] deformations of the oscillator algebras in unified framework.
The other version of the deformed oscillator algebra, different from (3) (or (4)), with
the structure function
f(x) = [x]q =
q−x − qx
q−1 − q
(5)
and the defining relations
[a, a+] = [N + 1]q − [N ]q, [N, a] = −a, [N, a
+] = a+ (6)
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is the oscillator algebra, which in general is distinguished from the previous ones. The
oscillator algebra (3) (or (4)) and its generalizations have not of the Hopf algebra
structure whereas the (HY) algebra is endowed with this structure (HY) [24].
The number of the free parameters of the structure function of the deformed of
oscillator algebra characterize a deformed scheme. One of the methods to obtain a
multi-parameter deformed algebra is to add to the structure function several the new
parameters. Naturally, the increasing of the number of the deformation parameters
makes the application of the deformed oscillator algebras more flexible in the practical
applications. In the framework of one-parameter deformation this scheme combined
with scheme of construction of the generalized deformed oscillator algebras [22] has given
possibility to unify in unified framework [14, 15, 23, 16, 18] the well-known deformations
of the oscillator algebra [6, 4, 5].
These generalize deformed oscillator algebras have found the application in the con-
crete physical models [25, 17]. The authors [25] have shown that the algebra of the
observable system of two identical vortices in superfluid thin film is described by the
generalized deformed algebra. The authors [17] considered this generalized deformed
oscillator and have shown that Kerr medium transforms an ordinary linear harmonic os-
cillator into this generalized oscillator for specific values of the deformation parameters
α, γ.
The different deformation schemes of the oscillator algebras have found their parallel
reflection in the constructions of concrete deformed models of quantum physical systems.
For example, the Jaynes-Cummings models in quantum optics, in parallel to deformed
oscillator algebras, generated the Biedenharn-Macfarlane’s [26],the f-oscillator’s [27], the
(p, q)-deformed versions [11] of this model. The same takes place for two-dimensional
conformal fields theories induced by the Arik-Coon [29], the Biedenharn-Macfarlane
[30], the (p, q) [31], the Oh-Sigh [28] deformed versions of the oscillator algebras. In
framework of the (p, q;α, γ, l)-deformation these theories allow unification.
The q-deformed oscillator algebras were used in the construction of the three-
dimensional non-commutative spaces with broken Lorentz invariance [32, 33]. The
(p, q;α, γ, l)-deformed oscillator algebra may be useful in this area.
In this paper we propose the unified deformation of the oscillator algebra which
envelop as particular cases the well known deformations [6, 4, 5, 11, 14, 15]. The
structure function (”generalized (p, q;α, γ, l)-number”) of this deformation
f(x) = [x]αγlpq =
p−αx − qγx
p−l/γ − ql/α
, (7)
where α, γ, l ∈ R, contains comparatively with (2) the additional deformation parame-
ters.
Traditionally at the fixed structure function, the defining relation of the general-
ized deformed oscillator algebras are represented in the form (1). We generalize the
defining relations (3) (or (4)) and (6) to obtain the various generalized deformed ver-
sions of the oscillators at the fixed structure function (7). We consider only generalized
Daskaloyannis (GD), generalized Chakrabarti-Jagannathan (GCh-J), and generalized
Hong Yang (GHY) versions of these algebras. The properties of these oscillator alge-
bras in general are distinguished from each others. We study the relationship between
them. The realization of the Uq
(
su(2)
)
algebra [2, 3] by the q-deformed and (p, q)-
deformed creation and annihilation operators independently has been done by different
authors [4, 5, 11, 12, 23].
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Generalizing the Jordan-Schwinger and the Holstein-Primakoff transformations we
obtain the realizations Uαγlpq
(
su(2)
)
algebra in terms of operators of the (GCh-J) and
(GHY) deformed oscillator algebras. For convenience in the physical applications we
included in formulas representations the non-zero Casimir invariants of the generalized
deformed (GCh-J) and (GHY) oscillator algebras.
The above deformations of the oscillator algebra have found applications in the con-
struction of the deformed two-dimensional integrable models, and the two-dimensional
conformal field theory. Some of these deformations of the two-dimensional conformal
field theories have been studied in the works [30, 29, 28, 34]. The problem of the
unification of these deformed theories arose also in this case.
We have considered the (p, q;α, γ, l)-deformation of the two-dimensional conformal
field theory. Note from the beginning, in sofa as the satisfactory central extension of
the quantum deformed complex Witt algebra does not exists we restrict ourselves by
the consideration of the centerless (p, q;α, γ, l)-deformed Virasoro algebra and by the
investigation of the two-dimensional conformal field theory basad on it. In the following
the (p, q;α, γ, l)-deformed conformal field theory means the conformal field theory based
on centerless (p, q;α, γ, l)-deformed Virasoro algebra.
The conformal transformations of primary fields are generalized to (p, q;α, γ, l)-
deformed conformal transformations. We have found the pole structure of the (p, q;α, γ, l)-
deformed operator product expansion (OPE) of the holomorphic component of the
energy-momentum tensor with primary fields. From this we have obtained centerless
(p, q;α, γ, l)-deformed Virasoro algebra. We have found the two-point correlation func-
tion of the (p, q;α, γ, l)-deformed two-dimensional conformal field theory.
2. Some aspects of generalized (p, q;α, γ, l)-deformed oscillator algebras
At the fixing structure function (7) we will consider the basic versions of the gener-
alized deformed oscillator algebras and the relations between them.
The generalized (p, q;α, γ, l)-deformed Daskaloyannis version of the oscillator alge-
bra. In this case the defining relations (1) are written
aa+ =
p−αN−l/γ − qγN+l/α
p−l/γ − ql/α
, a+a =
p−αN − qγN
p−l/γ − ql/α
, [N, a] = −
l
αγ
a, [N, a+] =
l
αγ
a+.
(8)
The generalized (p, q;α, γ, l)-deformed Chakrabarti-Jagannathan version of oscillator al-
gebra. In [18] we have been generalized two-parameter deformed oscillator algebra [11]
by introducing additional parameters α, γ, l in the structure function. This is a gener-
alization of the well-known deformations [6, 4, 5, 11, 14, 15, 23] of these algebras. The
generators {I, a, a+, N}, structure function (7) and the defining relations
aa+ − p−l/γa+a = qγN , [N, a] = −
l
αγ
a, [N, a+] =
l
αγ
a+, (9)
or
aa+ − ql/αa+a = p−αN , [N, a] = −
l
αγ
a, [N, a+] =
l
αγ
a+, (10)
define the generalized (p, q;α, γ, l)-deformed Chakrabarti-Jagannathan version of the
oscillator algebra.
It is easy to see that this algebra is represented in the Hilbert space H with the basis
{|n〉}∞n=0 by
a|0〉 = 0, |n〉 = ([n]αγlpq !)
−1/2(a+)n|0〉, (11)
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where [n]αγlpq is given by (7) and [n]
αγl
pq ! = [n]
αγl
pq [n− 1]
αγl
pq [n− 2]
αγl
pq . . . [1]
αγl
pq . Then
N |n〉 = n|n〉,
a|n〉 =
( p−αn − qγn
p−l/γ − ql/α
)1/2
|n−
l
αγ
〉, a+|n〉 =
(p−αn−l/γ − qγn+l/α
p−l/γ − ql/α
)1/2
|n+
l
αγ
〉, (12)
where p, q, α, γ ∈ R and lαγ ∈ Z, of this deformed algebra defined by the representation
of this algebra in the Fock representation. The other version of this generalized deformed
oscillator algebra is
The generalized (p, q;α, γ, l)-deformed Hong Yan version of oscillator algebra. The
generators {I, a, a+, N}, structure function (7) and the defining relations
aa+ − (p−αqγ)
l
2αγ a+a =
p−αN−
l
2γ + qγN+
l
2α
p−
l
2γ + q
l
2α
,
Na− aN = −
l
αγ
a, Na+ − a+N =
l
αγ
a+ (13)
define the generalized (p, q;α, γ, l)-deformed Hong Yan (GHY) version of oscillator al-
gebra. The first relation in (13) can be rewritten in the form
aa+ − (p−αqγ)
l
αγ a+a = [N +
l
αγ
]αγlpq − (p
−αqγ)
l
αγ [N ]αγlpq . (14)
The relations (8), (9), (10), (13) define the three versions of the generalized (p, q;α, γ, l)-
deformed oscillator algebra. It is easy to see that (8), (9), (10), (13) at the corresponding
values of the deformation parameters reduced to (1), (3), (4), (6), respectively.
In the following we consider the dependence of these algebras from each other.
Case: (8) and (9) algebras. The substitution the values a+a and aa+ from (8) into the
left hand side of the first eq. (9) gives
aa+ − ql/αa+a = [N +
l
αγ
]αγlpq + [N ]
αγl
pq = p
−αN . (15)
The same take place for eq. (10). It means that with (8) implies (9) and (10). In order
to prove the converse statement we find Casimir operator C1 of the oscillator algebra
(9). It is easy to see that
[a, C1] = 0, [a
+, C1] = 0, [N,C1] = 0, (16)
where
C1 = p
αN
(p−αN − qγN
p−l/γ − ql/α
− a+a
)
. (17)
From here we have
a+a = [N ]αγlpq − p
−αNC1. (18)
The substitution of this expression a+a into (9) gives
aa+ = [N +
l
αγ
]αγlpq − p
−α(N+ l
αγ
)C1, (19)
which coincides with (8) if C1 = 0.
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We will construct the representation of (9) in which C1 is non equal to zero. To this
we consider the representation of the relations (9)
a|n〉 = qγν0/2
( p−αn − qγn
p−l/γ − ql/γ
)1/2
|n−
l
αγ
〉, a+|n〉 = qγν0/2
(p−αn−l/γ − qγn+l/α
p−l/γ − ql/α
)1/2
|n+
l
αγ
〉,
N |n〉 = (n+ ν0)|n〉. (20)
In this representation
C1|n〉 = p
αν0 [ν0]
αγl
pq |n〉 6= 0, (21)
if ν0 6= 0. It means (9) does not imply (8).
Case: (8) and (13) algebras. Inserting in the left hand side of (13) the values a+a
and aa+ from (8) we obtain identity. It means that (8) implies (9). For the converse
statement, take into account the equation (13), we construct the Casimir operator C2
of the algebra (13)
[a, C2] = 0, [a
+, C2] = 0, [N,C2] = 0, (22)
where
C2 = (p
αq−γ)N ([N ]αγlpq − a
+a). (23)
From this, we obtain
a+a = [N ]αγlp,q − (p
−αqγ)NC2, aa
+ = [N +
l
αγ
]αγlpq − (p
−αqγ)N+
l
αγC2. (24)
Non-equivalence (8) and (13) will be established if we will prove C2 6= 0. For this we
construct the representation of the algebra (13):
a+|n〉 = ([n+
l
αγ
−ν0]
αγl
pq +[ν0]
αγl
pq )
1/2|n+
l
αγ
〉, a|n〉 = ([n−ν0]
αγl
p,q +[ν0]
αγl
pq )
1/2|n−
l
αγ
〉,
N |n〉 = (n− ν0)|n〉, (25)
in which
C2|n〉 = (p
αq−γ)n[ν0]
αγl
pq |n〉.
If ν0 6= 0 then C2 6= 0. It means that (13) in general does not imply (8).
Cases: (9) and (13) algebras. The substitution (18) and (19) into the left hand side of
(14) gives:
aa+− (p−αqγ)
l
αγ a+a = [N +
l
αγ
]αγlpq − (p
−αqγ)
l
αγ [N ]αγlp,q − p
−αN+ l
αγ (1− ql/α)C1, (26)
which means that if C1 6= 0, (9) does not imply (13).
Conversely, the substitution of (24) into the left hand side of the first eq.(9) gives
aa+ − p−l/γa+a = [N +
l
αγ
]αγlpq − p
−l/α[N ]αγlp,q + C2(p
−αqγ)Np−l/γ(1− ql/α) (27)
and into the left hand side of the first eq.(10)
aa+ − ql/αa+a = [N +
l
αγ
]αγlpq − q
l/α[N ]αγlpq + C2(p
−αqγ)N q−l/α(1− pγ), (28)
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which means that (13) does not imply (9) if C2 6= 0.
3. Generalized (p, q;α, γ, l)-deformed Uαγlpq (su(2)) algebras
Generalized (p, q;α, γ, l)-deformed Jordan-Schwinger realization of Uαγlpq (su(2)) algebra.
Consider two independent basis collections (I, a, a+Na) and (I, b, b
+, Nb) of the algebra
of the ordinary harmonic oscillator. The Jordan-Schwinger transformations
J+ = a
+b, J− = ab
+, J0 =
1
2
(Na −Nb) (29)
give the realization of the su(2) Lie algebra
[J0, J+] = J+, [J0, J−] = −J−, [J+, J−] = 2J0. (30)
The two independent basis collections (I, a, a+Na) and (I, b, b
+, Nb) of the general-
ized (p, q;α, γ, l)-deformed oscillator algebras define the generalized Jordan-Schwinger
transformations
J+ = (p
αq−γ)Nb/2a+b, J− = b
+a(pαq−γ)Nb/2, J0 =
1
2
(Na−Nb), C˜ =
1
2
(Na+Nb). (31)
In the case of collections of the generalized (p, q;α, γ, l)-deformed Chakrabarti-Jagannathan
type oscillator algebra (9) (or (10)), we obtain the Uαγlpq
(
su(2)
)
generaized algebra with
commutation relations
[J0, J±] = ±J±, J+J− − (p
αq−γ)
l
αγ J−J+ =
(
1− C1(p
−l/γ − ql/α))
[
2J0]
αγl
pq , (32)
and, in the case collections of the (p, q;α, γ, l)-deformed Hong Yan type oscillator algebra
(13), the Uαγlpq
(
su(2)
)
generalized deformed algebra with the commutation relations
[J0, J±] = ±J±, J+J− − (p
αq−γ)
l
αγ J−J+ = [2J0]
αγl
pq +
(pαq−γ)C˜−J0C2
(
[C˜−J0+
l
αγ
]−(p−αqγ)2J0 [C˜−J0]−(p
−αqγ)2C˜ [C˜+J0+
l
αγ
]+(p−αqγ)
l
αγ [C˜+J0].
(33)
Generalized (p, q;α, γ, l)-deformed Holstein-Primakoff realization of Uαγlpq (su(2)) alge-
bra. The algebra su(2) can be realized by the one basis collection (a, a+, Na) of the
operators of the ordinary harmonic oscillator. It is defined by the Holstein-Primakoff
transformations
J+ = a
+(2j −N)1/2, J− = (2j −N)
1/2a, J0 = N − j, (34)
where j is a c-number.
The q-deformed analog Holstein-Primakoff of the algebra su(2) has been studied in
[26]. The generalized Holstein-Primakoff realization of the algebra su(2) defined by the
collection of the (p, q;α, γ, l)-deformed oscillator is given by
J+ = (p
αq−γ)N/2a+
√
[2j −N ]αγlpq , J− =
√
[2j −N ]αγlpq a(p
αq−γ)N/2, J0 = N − j, (35)
where j is some c-number. For the collection of the generalized Chakrabarti-Jagannathan
oscillator algebra (9) we obtain the Uαγlpq
(
su(2)
)
algebra with the relations
[J0, J±] = ±J±, J+J− − (p
αq−γ)
l
αγ J−J+ = [−2J0] + Cq
−2γJ0 . (36)
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4. The (p, q;α, γ, l)-deformation of two-dimensional conformal field theory
Some aspects of (p, q;α, γ, l)-deformed CFT in view of standard CFT. We will survey
the basic features of the standard CFT [35].
The transformations xa 7→ x′a for which
g′ρσ(x
′)
∂x′ρ∂x′σ
∂xµ∂xν
= Λ(x)gµν(x), (37)
where gµν(x) is metric tensor and Λ(x) positive function (scale factor), form the con-
formal group. Among all fields in the CFT there are distinguished ones (primary fields
of a conformal weights (h, h¯), ) i.e., the fields, which behave as tensors
φ(z′, z¯′) = φ(z, z¯)(
dz′
dz
)−h(
dz¯′
dz¯
)−h¯ (38)
under the conformal transformations z → z′ = f(z), z¯ → z¯′ = f¯(z¯). The infinitesimal
form of these transformations f(z) = z + ε(z) f¯(z¯) = z¯ + ε¯(z¯) has the form
φ′(z, z¯) 7→ φ(z, z¯) + ∆εφ(z, z¯), (39)
where
∆εφ(z, z¯ = δεφ(z, z¯) + δ¯ε¯φ(z, z¯), (40)
and
δεφ(z, z¯) = ε(z)
1−h∂z
(
ε(z)hφ(z, z¯)
)
,
δ¯ε¯φ(z, z¯) = ε¯(z¯)
1−h¯∂z¯
(
ε¯(z¯)h¯φ(z, z¯)
)
(41)
In particular, when ε(z) = εnz
n+1 end ε¯(z¯) = ε¯nz¯
n+1, where εn and ε¯n are small
constants we have
φ′(z, z¯) = φ(z, z¯) + ∆nφ(z, z¯),
where
∆nφ(z, z¯) = εnδnφ(z, z¯) + ε¯nδ¯nφ(z, z¯) (42)
and
δnφ(z, z¯) = z
n(z∂ + h(n+ 1))φ(z, z¯),
δ¯nφ(z, z¯) = z¯
n(z¯∂¯ + h(n+ 1))φ(z, z¯). (43)
The different deformation schemes of the oscillator algebras have been transfer, in
parallel, to the construction of two-dimensional conformal field theories [30, 29, 28, 34].
We study some properties of primary fields of the two-dimensional deformed conformal
field theory with the employment of the (p, q;α, γ, l)-deformation scheme.
We leave the same notation φ(z, z¯), as in classical case, for the primary field of
the conformal weights (h, h¯) of the (p, q;α, γ, l)-deformed conformal field theory. Its
generalized infinitesimal (p, q;α, γ, l)-transformations are defined by replacement in (41)
the ∂z by its (p, q;α, γ, l)-deformed counterpart
δαγlε,pqφ(z) = ε(z)
1−hDαγlpq (ε(z))
hφ(z)), (44)
where
Dαγlpq φ(z) =
φ(p−αz)− φ(qγz)
z(p−l/γ − ql/α)
=
1
z
.
p−αz∂ − qγz∂
p−l/α− ql/γ
φ(z) =
1
z
[z∂]αγlpq φ(z).
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Henceforth we will restrict our consideration by the holomorphic terms.
The (p, q;α, γ, l)-deformed counterpart of the transformation (43) for primary field
φ(z) with the conformal weight h is
δαγln,pqφ(z) = z
n[z∂ + h(n+ 1)]αγlpq φ(z). (45)
In quantum field theory a variation of the field φ(z) is implemented by the commutator
δA = [Q,A],
where
Q =
∫
dx1j0, x
0 = const
and j0 is conserved current. In our case the variation conformal field φ(z) is given by
the ”equal -time” commutator
δαγln,pqφ(z) = [
∮
C0
dz
2pii
znT (z), φ(w)] =
1
2pii
∮
CP
dzzn+1R
(
T (z)φ(w)
)αγl
p,q
, (46)
where T (z) is the holomorphic component of the energy momentum tensor and C0
and CP is a contous encircling the origin and all poles in the OPE of
(
T (z)φ(w
)αγl
pq
respectively. The notation of the time ordering on the z plane is replaced by that of
radial ordering
R(A(z)B(w)) =
{
A(z)B(w), if |z| > |w|,
B(w)A(z), if |z| < |w|.
.
It is easy to see that
(
T (z)φ(w)
)αγl
pq
=
1
w(p−l/γ − ql/α)
{
φ(wp−α)
z − wp−αh
−
φ(wqγ)
z − wqγh
} (47)
leads to the correct of the variation (45) in φ(z) by evaluating integral in eq.(46) with
CP taken as contour encircling the points wp
−αh, wqγh.
Introducing the modes
Ln =
∮
C0
dz
2pii
zn+1T (z), n ∈ Z (48)
of a holomorphic component of the energy momentum tensor T (z) and the modes
φn =
∮
C0
dw
2pii
wn+h−1φ(w) (49)
of a primary field φ(w) of the conformal weight h, we can evaluate the bracket
[Ln, φm] = (Lnφm)
αγl
pq − (φmLn)
αγl
pq .
Defining the product of two field operators by
(
A(z)B(w)
)αγl
pq
= A(zqγ)B(wp−α)
we obtain
(Lnφm)
αγl
pq =
∮
C1
dz
2pii
∮
C2
dw
2pii
zn+1wm+h−1(T (z)φ(w))αγlpq =
9
∮
C1
dz
2pii
∮
C2
dw
2pii
zn+1wm+h−1(T (zqγ)φ(wp−α))αγlpq =
∮
C1
dz
2pii
∮
C2
dw
2pii
zn+1wm+h−1
∑
k
Lkz
−k−2q−γ(k+2)
∑
l
φl(wp
α(l+h))w−l−h =
pα(m+h)q−γ(n+2)Lnφm, (50)
where C1 and C2 are contours about the origin such that C1 ⊂ C2. Analogously,
(φmLn)
αγl
pq = p
α(n+2)q−γ(m+h)φmLn. (51)
Hence, this bracket has been written as
[Ln, φm] := p
α(m+h))q−γ(n+2)Lnφm − p
α(n+2)q−γ(m+h)φmLn. (52)
To evaluate this bracket we use the (p, q;αγl)-deformed OPE
[Ln, φm] =
∮
C0
dz
2pii
∮
CP
dw
2pii
zn+1wm+h−1R(T (z)φ(w, w¯))αγlpq =
1
(p−l/γ − ql/α)
∮
C0
dz
2pii
∮
CP
dw
2pii
zn+1wm+h−1{
φ(wp−α)
z − wp−αh
−
φ(wqγ)
z − wqγh
} =
1
(p−l/γ − ql/α)
∮
CP
dw
2pii
wn+1wm+h−2×
{p−αh(n+1)
∑
k
φkp
α(k+h)ω−k−h − qγh(n+1)
∑
k
φkq
−γ(k+h)ω−k−h} =
1
(p−l/γ − ql/α)
{p−α[(h−1)n−m] − qγ[(h−1)n−m]}φm+n =
[(h− 1)n−m]αγlpq φn+m.
Hence ”quommutator” Ln and φm is given
pα(m+h))q−γ(n+2)Lnφm − p
α(n+2)q−γ(m+h)φmLn = [(h− 1)n−m]
αγl
pq φm+n. (53)
If in this equation we let φm = Lm, h = 2 we obtain the centerless (p, q;α, γ, l) -
deformed Virasoro algebra
pα(m+2))q−γ(n+2)LnLm − p
α(n+2)q−γ(m+2)LmLn = [n−m]
αγ
pq Lm+n. (54)
which at the α = γ = l and p = q coincides with the algebra obtained in [20].
The space of states of a two-dimensional conformal field theory carries the represen-
tation of the Virasoro algebra
[L¯m, L¯n] = (m− n)L¯m+n +
c
12
n(n+ 1)δm+n,0 n = 1, 2, . . . (55)
This algebra contains of the closed sl(2,C) subalgebra
[L¯0, L¯−1] = L¯−1, L¯0, L¯+1] = −L¯+1, [L¯−1, L¯+1] = −2L¯0.
One can introduce the ∗-structure in this algebra
L¯∗0 = L¯0, L¯
∗
+1 = −L¯−1, L¯
∗
−1 = −L¯+1
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which turn this algebra into the su(1, 1) Lie algebra which after the renaming L¯0 =
−K0, L¯−1 = K+1, L¯+1 = K−1 satisfy by the commutation relations
[K−1,K+1] = 2K0, [K0,K−1] = −K−1, [K0,K+1] = K+1.
The (p, q)-quantum deformation and the co-algebra structure of this Upq(su(1,1 algebra
has been constructed in [11].
Representation of Uαγlpq
(
su(1, 1)
)
-deformed algebra. The generalize Uαγlpq
(
su(1, 1)
)
-
deformed algebra is defined by the commutation relations
K−K+ − (p
αq−γ)
l
αγK+K− == [2K0]
αγl
pq ,
[K0,K+] = K+, [K0,K−] = −K−, (56)
where [2K0]
αγl
pq =
(
p−2αK0 − q2γK0
)
/(p−l/γ − ql/α). Moreover, it is convenient to define
the generators
M = p−αK0 , N = qγK0
.
There exists the following representation of this algebra on the conformal fields φ(z)
with conformal weight h
K−1φ(z) =
1
z
φ(p−αz)− φ(qγz)
p−l/γ − ql/α
, K+1φ(z) = z
p−2αhφ(p−αz)− q2γhφ(qγz)
p−l/γ − ql/α
,
Mφ(z) = p−αhφ(p−αz), N = qγhφ(qγz). (57)
The co-algebra structure of this algebra is defined on the generators of the algebra by
the expressions
∆(K±) =M ⊗K± +K± ⊗N, ∆(M) = M ⊗M, ∆(N) = N ⊗N. (58)
Two-point correlation function of (p, q;α, γ, l)-deformed CFT. By analogy with [30, 29]
the (p, q;α, γ, l)-deformed Ward-Takahashi identities for n-point correlation function of
the primary fields φ1(z1), φ2(z2), . . . , φn(zn) can be written
N−1︷ ︸︸ ︷
(∆⊗ id . . .⊗ id)
N−2︷ ︸︸ ︷
(∆⊗ id . . .⊗ id) . . . (∆⊗ id)∆(K±)〈(φ1(z1) . . . φN (zN )〉
αγl
pq = 0. (59)
For the two-point correlation unction we have the equations
∆(K−1)〈φ1(z1)φ2(z2)〉
αγl
pq = 0, ∆(K+1)〈φ1(z1)φ2(z2)〉
αγl
pq = 0,
or in expanded form
p−αh1
1
z2
[〈φ1(p
−αz1)φ2(p
−αz2)〉
αγl
pq − 〈φ1(p
−αz1)φ2(q
γz2)〉
αγl
pq ]+
qγh2
1
z1
[〈φ1(p
−αz1)φ2(q
γz2)〉
αγl
p,q − 〈φ1(q
γz1)φ2(q
γz2)〉
αγl
pq ] = 0, (60)
p−αh1z2[p
−2αh2〈φ1(p
−αz1)φ2(p
−αz2)〉
αγl
pq − q
−2γh2〈φ1(p
−αz1)φ2(q
γz2)〉
αγl
pq ]+
qγh2z1[p
−2αh1〈φ1(p
−αz1)φ2(q
γz2)〉
αγl
pq − q
2γh2〈φ1(q
γz1)φ2(q
γz2)〉
αγl
pq ] = 0. (61)
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The eq. (60) can be represented in the form
(
qγh2
z1
−
p−αh1
z2
)〈φ1(p
−αz1)φ2(q
γz2)〉
αγl
pq +
p−αh1
z2
〈φ1(p
−αz1)φ2(p
−αz2)〉
αγl
pq −
qγh2
z1
〈φ1(q
γz1)φ2(q
γz2)〉
αγl
pq = 0.
And if h1 = h2 we have
(1 −
(pαqγ)−h
z2/z1
)〈φ1(p
−αz1)φ2(q
γz2)〉
αγl
pq +
(pαqγ)−h
z2/z1
〈φ1(p
−αz1)φ2(p
−αz2)〉
αγl
pq − 〈φ1(q
γz1)φ2(q
γz2)〉
αγl
pq = 0. (62)
We will find the solution of this equation using the following anzatz:
〈φ1(z1)φ2(z2)〉
αγl
pq = z
ω
1 ha(z) = z
ω
1
(az; r)∞
(z; r)∞
, (63)
where a = (pαqγ)2h, z = (pαqγ)−h z2z1 , r = p
αqγ , ω ∈ R.
Then
〈φ1(p
−αz1)φ2(q
γz2)〉
αγl
pq = p
−αω 1− (p
αqγ)−hz2/z1
1− (pαqγ)−hz2/z1
〈φ1(z1)φz2(z2)〉
αγl
pq . (64)
We have used the relation
ha(z) =
1− az
1− z
ha(qz)
(see (1.3.11) in [36]) to obtain (64). In addition,
〈φ1(p
−αz1)φ2(p
−αz2)〉
αγl
pq = p
−αω〈φ1(z1)φz2(z2)〉
αγl
pq (65)
and
〈φ1(q
γz1)φ2(q
γz2)〉
αγl
pq = q
αω〈φ1(z1)φz2(z2)〉
αγl
pq . (66)
The direct substitution of (64), (65),(66) into (62) gives ω = −2h and define the two-
point correlation function (63). It also satisfy the eq. (61).
5. Summary and conclusions
In this letter we have presented the generalized deformation of the oscillator algebra
obtained by the using the generalization of structure function of the deformations well-
known Arik-Coon, Biedenharn-Macfarlane, Jagannathan-Chakrabarti deformer alge-
bras and as well as exchanging the defining relations of these algebras. The each of
these as well as non-deformed algebras are obtained as particular case of the general-
ized algebra at special choice parameters of structure function. The unification conserve
basic properties of these deformed algebras. We have find the Biedenharn-Macfarlane
and Holstein-Primakoff realizations Uαγlpq
(
su(2)
)
algebra by the generalized creation
and annihilation operators.
This generalized (p, q;α, γ, l)-deformation of the oscillator algebra is ”the attempt to
introduce some order in the rich and varied choice of deformed commutation relations”
[37] and also the hope that it will find applications in the solutions of the concrete
12
physical problems [38]. The same concerns of the two-dimensional generalized deformed
conformal field theories which special cases have been studied in [30, 29, 28, 34]. We
have presented the unified (p, q;α, γ, l)-deformed version of the two-dimension conformal
field theory and have calculated two-point correlation function of its primary fields.
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